A graph is said to be k-linked if it has at least 2k vertices and for every sequence s1, . . . , s k , t1, . . . , t k of distinct vertices there exist disjoint paths P1, . . . , P k such that the ends of Pi are si and ti. Bollobás and Thomason showed that if a simple graph G on n vertices is 2k-connected and G has at least 11kn edges, then G is k-linked. We give a relatively simple inductive proof of the stronger statement that 8kn edges and 2k-connectivity suffice, and then with more effort improve the edge bound to 5kn.
(5) subject to (3) and (4) , |V (G)| is minimum, (6) subject to (3)- (5) , ρ(G − X) is minimum, and (7) subject to (3)- (6) , the number of edges of G with both ends in X is maximum.
Theorem 1.4 Let k ≥ 1 be an integer, let α ≥ 2 be a real number, let G be a graph, and let X ⊆ V (G)
be such that (G, X) is (α, k)-minimal. Then G has no rigid separation of order at most |X|, and G has a subgraph L with |V (L)| ≤ 2αk and minimum degree at least αk + 1.
The second step consists of finding a k-linked subgraph of L, where L is as in the above theorem. This is much easier for α = 8, and so we do that first. and v have at least αk common neighbors in G. Since these common neighbors belong to A ∩ B, we have 2k ≤ αk ≤ |A ∩ B| < |X|, a contradiction. This proves that (G − e, X) satisfies (2), and hence it does not satisfy (1). We conclude that ρ(G − X) ≤ αk|G − X| + 1.
be a separation of (G, X) violating (2) . But then by Claim 2.3,
We are now ready to complete the proof of Theorem 1. 
Proof of Theorem 1.5
In the proof we will need the following lemma. such that for each path P ∈ P (a) P has length at most seven, (b) the ends of P are s i and t i for some i = 1, 2, . . . , k, (c) no internal vertex of P belongs to X,
, |P| is maximum, and (e) subject to (a)-(d), the sum of the lengths of the paths in P is minimum.
Then |P| < k, and so we may assume that s 1 and t 1 belong to no member of P. Let L be the subgraph of H induced on X and the paths in P.
L, for otherwise it would have at least four neighbors on some path P ∈ P, in which case it would have two non-consecutive neighbors on P , and so P could be shortened by using v, contrary to (e). Thus the graph H − V (L) has minimum degree at least 8k − 3k = 5k. Since L has at most 8(k − 1) + 2 vertices, we see that
We now show that H − V (L) is not connected. To this end let S be the set of all vertices of H − V (L) at distance at most two from a neighbor of s 1 , where the distance is taken in the graph H − V (L); and let T be defined analogously with t 1 replacing s 1 . Then S and T are nonempty; by (d) they are disjoint, and no edge of H has one end in S and the other end in T . We claim that 
Proof of Theorem 1.6
We will need the following strengthening of Lemma 3.1, due to Egawa, Faudree, Györi, Ishigami, Schelp and Wang [2] , and obtained independently by Kawarabayashi, Kostochka and Yu [4] . For 4k ≥ n ≥ 3k the exact numerical bound does not follow from the statement of [2, Theorem 3], but it does follow from the proof. 
Claim 4.2 Let L be a minimal linkage, let P be a component of L, and let v ∈ V (G) − V (L). Then any two neighbors of v in P are at distance at most two in P . In particular, v has at most three neighbors on P .

Moreover, v has at most 3k − 2 neighbors in V (L).
Proof To prove the first statement suppose for a contradiction that v has neighbors x and y on P such that the subpath of P from x to y has at least two internal vertices. Then by deleting those internal vertices from L and adding the path xvy we obtain a partial linkage with the same number of components but fewer vertices than L, contrary to the minimality of L. The second statement follows immediately from the first.
To prove the third statement notice that if i is an unresolved index for L, then v is adjacent to at most one
If L is a partial linkage and i ∈ {1, 2, . . . , k}, then we define S i (L) to be the set of all neighbors of s i in
, and we define T i (L) analogously.
Claim 4.3 Let L be a minimal linkage, let i be unresolved for L, and let
Proof Let L, i, and v be as stated. For m = 3, 4, 5, 6 let l m be the number of components of L on m vertices, and let l 2 be the number of indices j ∈ {1, 2, . . . , k} such that s j and t j are either adjacent in L, or not connected by a path of L. Let l 3 be the number of components P of L such that P has three vertices, all adjacent to both s i and t i . Clearly
are nonempty, then by Claim 4.7 we deduce that S i (L 0 ) and T i (L 0 ) are both nonempty, and so the claim
, and let L be a linkage related to L 0 such that v ∈ T i (L). Assume first that there exists a component P of L such that s i has at least five neighbors on P and v has at least two neighbors on P . Let the ends of P be s j and t j . Since P has at least five vertices and v has at least two neighbors in P , Claim 4.2 implies that v is adjacent to an internal vertex of P . Let us choose such a neighbor, say u, so that it is not adjacent to
there exists a path Q of length at most two with ends v and t i and internal vertex (if it exists) in T i (L).
If u is adjacent to s i let P denote the path s i uvQt i . If u is not adjacent to s i , then P has six vertices, and every vertex of V (P ) − {u} is adjacent to s i . Let u be a neighbor of u in P chosen so that u is not equal or adjacent to s j or t j , and let P denote the path s i u uvQt i . Then in either case the length of P is at most the length of P . Let L be obtained from L by deleting the internal vertices of P and adding P ; then L is a minimal linkage and j is an unresolved index for L . From the symmetry between S j (L )
and T j (L ) we may assume that S j (L ) = ∅, for if both are nonempty, then the claim holds. In particular, u is adjacent to s j , for otherwise the neighbor of s j in P belongs to S j (L ). It follows that there exists a vertex u ∈ V (P ) − V (P ) not adjacent to s j or t j . Then u is adjacent to s i , for otherwise P has length five and u is adjacent to s i ; consequently P has length at most four, contrary to the minimality of L. By Claim 4.3 the vertex u has at least five neighbors in
. Let Q be a path of length at most two with ends v and t i and internal vertex in T i (L). Let L be obtained from L by replacing P by the path P :
Then L is a minimal linkage, and by our choice of P to include only u from P , we see that both s j 's neighbor from P as well as t j 's neighbor from P is not included in L . Thus j is an unresolved index with both S j (L ) and T j (L ) nonempty, proving the claim. 
